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============

Norm inequalities for several classical operators of harmonic analysis have been widely studied in the context of Orlicz spaces. It is well known that many of such operators fail to have continuity properties when they act between certain Lebesgue spaces and, in some situations, the Orlicz spaces appear as adequate substitutes.
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The main purpose of this paper is to give characterizations for the strong and weak boundedness of the Riesz potential on Orlicz spaces. Our characterizations for the boundedness of the operator $\documentclass[12pt]{minimal}
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Preliminaries; on Young functions and Orlicz spaces {#Sec2}
===================================================

We recall the definition of Young functions.

Definition 2.1 {#FPar1}
--------------
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Orlicz space
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The following analogue of the Hölder inequality is well known (see, for example, \[[@CR6]\]).

Theorem 2.4 {#FPar4}
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By elementary calculations we have the following property.

Lemma 2.5 {#FPar5}
---------
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By Theorem [2.4](#FPar4){ref-type="sec"}, Lemma [2.5](#FPar5){ref-type="sec"} and ([2.1](#Equ1){ref-type=""}) we get the following estimate.

Lemma 2.6 {#FPar6}
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In the next section, where we prove our main estimates, we use the following theorem.

Theorem 2.7 {#FPar7}
-----------

\[[@CR7]\]
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Riesz potential in Orlicz spaces {#Sec3}
================================

In this section we find necessary and sufficient conditions for the strong/weak boundedness of the Riesz potential operator on Orlicz spaces.
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In \[[@CR1]\], Cianchi found the necessary and sufficient conditions for the boundedness of $\documentclass[12pt]{minimal}
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Theorem 3.1 {#FPar8}
-----------

\[[@CR1]\]
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For proving our main results, we need the following estimate.

Lemma 3.2 {#FPar9}
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Proof {#FPar10}
-----
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The following theorem gives necessary and sufficient conditions for the boundedness of the operator $\documentclass[12pt]{minimal}
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Theorem 3.3 {#FPar11}
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                \begin{document}$L^{\Psi}({\mathbb{R}^{n}})$\end{document}$.*If the regularity condition* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \int_{r}^{\infty} \Phi^{-1} \bigl(t^{-n} \bigr) t^{\alpha}\frac {dt}{t} \le C r^{\alpha} \Phi^{-1} \bigl(r^{-n} \bigr) $$\end{document}$$ *holds for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$r>0$\end{document}$, *where* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C>0$\end{document}$ *does not depend on* *r*, *then the condition* ([3.6](#Equ10){ref-type=""}) *is necessary and sufficient for the boundedness of* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$L^{\Phi}({\mathbb{R}^{n}})$\end{document}$ *to* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$WL^{\Psi}({\mathbb{R}^{n}})$\end{document}$. *Moreover*, *if* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Phi\in\nabla _{2}$\end{document}$, *the condition* ([3.6](#Equ10){ref-type=""}) *is necessary and sufficient for the boundedness of* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$I_{\alpha }$\end{document}$ *from* $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{\Phi}({\mathbb{R}^{n}})$\end{document}$ *to* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{\Psi }({\mathbb{R}^{n}})$\end{document}$.

Proof {#FPar12}
-----

\(1\) For an arbitrary ball $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \begin{document}$I_{\alpha }f_{1}(x)$\end{document}$, following Hedberg's trick, see \[[@CR8]\], we obtain $\documentclass[12pt]{minimal}
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                \begin{document}$I_{\alpha }f_{2}(x)$\end{document}$ by Lemma [2.6](#FPar6){ref-type="sec"} we have $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int_{{}^{\complement}{B}}\frac{ \vert f(y) \vert }{ \vert x-y \vert ^{n-\alpha}}\,dy & \thickapprox \int_{{}^{\complement}{B}} \bigl\vert f(y) \bigr\vert \int_{ \vert x-y \vert }^{\infty }\frac {dt}{t^{n+1-\alpha}}\,dy \\ &\thickapprox \int_{r}^{\infty } \int_{r\leq \vert x-y \vert < t} \bigl\vert f(y) \bigr\vert \,dy\frac {dt}{t^{n+1-\alpha}} \\ &\lesssim \int_{r}^{\infty }\Phi^{-1}\bigl( \bigl\vert B(x,t) \bigr\vert ^{-1}\bigr)t^{\alpha -1} \Vert f \Vert _{L^{\Phi }(B(x,t))}\,dt. \end{aligned}$$ \end{document}$$ Consequently we have $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl\vert I_{\alpha }f(x) \bigr\vert \lesssim r^{\alpha }Mf(x)+ \Vert f \Vert _{L^{\Phi}} \int_{r}^{\infty }t^{\alpha }\Phi ^{-1} \bigl(t^{-n}\bigr)\frac{dt}{t}. $$\end{document}$$ Thus, by ([3.5](#Equ9){ref-type=""}) we obtain $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\vert I_{\alpha } f(x) \bigr\vert \lesssim Mf(x)\frac{\Psi^{-1}(r^{-n})}{\Phi ^{-1}(r^{-n})} + \Vert f \Vert _{L^{\Phi}} \Psi^{-1}\bigl(r^{-n} \bigr). \end{aligned}$$ \end{document}$$ Choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r>0$\end{document}$ so that $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\Phi^{-1}(r^{-n})=\frac{Mf(x)}{C_{0} \Vert f \Vert _{L^{\Phi}}}$\end{document}$. Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{\Psi^{-1}(r^{-n})}{\Phi^{-1}(r^{-n})}=\frac{(\Psi^{-1}\circ \Phi)(\frac{Mf(x)}{C_{0} \Vert f \Vert _{L^{\Phi}}})}{\frac{Mf(x)}{C_{0} \Vert f \Vert _{L^{\Phi}}}}. $$\end{document}$$ Therefore, we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl\vert I_{\alpha } f(x) \bigr\vert \leq C_{1} \Vert f \Vert _{L^{\Phi}} \bigl(\Psi^{-1}\circ \Phi\bigr) \biggl(\frac{Mf(x)}{C_{0} \Vert f \Vert _{L^{\Phi}}} \biggr). $$\end{document}$$

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C_{0}$\end{document}$ be as in ([2.3](#Equ3){ref-type=""}). Then by Theorem [2.7](#FPar7){ref-type="sec"}, $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document} $$\begin{aligned} \sup_{r>0}\Psi(r) m \biggl(\frac{ \vert I_{\alpha } f(x) \vert }{C_{1} \Vert f \Vert _{L^{\Phi }}},r \biggr)={}&\sup _{r>0}r m \biggl(\Psi \biggl(\frac{ \vert I_{\alpha } f(x) \vert }{C_{1} \Vert f \Vert _{L^{\Phi}}} \biggr),r \biggr) \\ \leq{}&\sup_{r>0}r m \biggl(\Phi \biggl(\frac{M f(x)}{C_{0} \Vert f \Vert _{L^{\Phi }}} \biggr),r \biggr)\\ \leq{}&\sup_{r>0}\Phi(r) m \biggl( \frac{M f(x)}{ \Vert Mf \Vert _{WL^{\Phi}}},r \biggr)\leq1, \end{aligned}$$ \end{document}$$ *i.e.* $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert I_{\alpha }f \Vert _{WL^{\Psi}}\lesssim \Vert f \Vert _{L^{\Phi}}. $$\end{document}$$
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                \begin{document}$\Phi\in\nabla_{2}$\end{document}$, by Theorem [2.7](#FPar7){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$\int_{{\mathbb{R}^{n}}}\Psi \biggl(\frac{ \vert I_{\alpha } f(x) \vert }{C_{1} \Vert f \Vert _{L^{\Phi }}} \biggr)\,dx\leq \int_{{\mathbb{R}^{n}}}\Phi \biggl(\frac{M f(x)}{C_{0} \Vert f \Vert _{L^{\Phi}}} \biggr)\,dx\leq \int_{{\mathbb{R}^{n}}}\Phi \biggl(\frac{M f(x)}{ \Vert Mf \Vert _{L^{\Phi}}} \biggr)\,dx\leq1, $$\end{document}$$ *i.e.* $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert I_{\alpha }f \Vert _{L^{\Psi}}\lesssim \Vert f \Vert _{L^{\Phi}}. $$\end{document}$$

\(2\) We shall now prove the second part. Let $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$B_{0}=B(x_{0},r_{0})$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$x\in B_{0}$\end{document}$. By Lemma [3.2](#FPar9){ref-type="sec"}, we have $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r_{0}^{\alpha}\leq C I_{\alpha } \chi _{B_{0}}(x)$\end{document}$. Therefore, by Lemma [2.5](#FPar5){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} r_{0}^{\alpha}&\lesssim\Psi^{-1}\bigl( \vert B_{0} \vert ^{-1}\bigr) \Vert I_{\alpha } \chi_{B_{0}} \Vert _{WL^{\Psi}(B_{0})} \lesssim\Psi^{-1}\bigl( \vert B_{0} \vert ^{-1}\bigr) \Vert I_{\alpha } \chi _{B_{0}} \Vert _{WL^{\Psi}} \\ &\lesssim\Psi^{-1}\bigl( \vert B_{0} \vert ^{-1}\bigr) \Vert \chi_{B_{0}} \Vert _{L^{\Phi}}\lesssim \frac{\Psi^{-1}(r_{0}^{-n})}{\Phi^{-1}(r_{0}^{-n})} \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} r_{0}^{\alpha}&\lesssim\Psi^{-1}\bigl( \vert B_{0} \vert ^{-1}\bigr) \Vert I_{\alpha } \chi_{B_{0}} \Vert _{L^{\Psi}(B_{0})} \lesssim\Psi^{-1}\bigl( \vert B_{0} \vert ^{-1}\bigr) \Vert I_{\alpha } \chi_{B_{0}} \Vert _{L^{\Psi}} \\ &\lesssim\Psi^{-1}\bigl( \vert B_{0} \vert ^{-1}\bigr) \Vert \chi_{B_{0}} \Vert _{L^{\Phi}}\lesssim \frac{\Psi^{-1}(r_{0}^{-n})}{\Phi^{-1}(r_{0}^{-n})}. \end{aligned}$$ \end{document}$$ Since this is true for every $\documentclass[12pt]{minimal}
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                \begin{document}$r_{0}>0$\end{document}$, we are done.

\(3\) The third statement of the theorem follows from the first and second parts of the theorem. □

From Theorems [3.1](#FPar8){ref-type="sec"} and [3.3](#FPar11){ref-type="sec"} we have the following corollary.

Corollary 3.4 {#FPar13}
-------------

*Let* $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$\Phi, \Psi\in\mathcal{Y}$\end{document}$ *and the regularity condition* ([3.7](#Equ11){ref-type=""}) *holds*, *then*:

\(1\) *Condition* ([3.3](#Equ7){ref-type=""}) *holds if and only if condition* ([3.6](#Equ10){ref-type=""}) *holds*.

\(2\) *Moreover*, *if* $\documentclass[12pt]{minimal}
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                \begin{document}$\Phi\in\nabla_{2}$\end{document}$, *then condition* ([3.4](#Equ8){ref-type=""}) *holds if and only if* ([3.6](#Equ10){ref-type=""}) *holds*.

The following result is due to Nakai \[[@CR2]\].

Theorem 3.5 {#FPar14}
-----------

\[[@CR2]\]

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$0<\alpha <n$\end{document}$ *and* $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Phi, \Psi\in\mathcal{Y}$\end{document}$. *Assume that the conditions* ([3.6](#Equ10){ref-type=""}) *and* ([3.7](#Equ11){ref-type=""}) *hold*. *Then the operator* $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
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                \usepackage{mathrsfs}
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                \begin{document}$L^{\Phi}({\mathbb {R}^{n}})$\end{document}$ *to* $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$WL^{\Psi}({\mathbb{R}^{n}})$\end{document}$. *Moreover*, *if* $\documentclass[12pt]{minimal}
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                \begin{document}$\Phi\in\nabla_{2}$\end{document}$, *then* $\documentclass[12pt]{minimal}
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                \begin{document}$I_{\alpha }$\end{document}$ *is bounded from* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \begin{document}$L^{\Phi}({\mathbb{R}^{n}})$\end{document}$ *to* $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{\Psi}({\mathbb{R}^{n}})$\end{document}$.

Remark 3.6 {#FPar15}
----------

Note that in Theorem [3.5](#FPar14){ref-type="sec"} Nakai found the sufficient conditions which ensures the boundedness of the operator $\documentclass[12pt]{minimal}
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                \begin{document}$L^{\Phi}({\mathbb{R}^{n}})$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{\Psi}({\mathbb {R}^{n}})$\end{document}$, including weak version. Theorem [3.3](#FPar11){ref-type="sec"} improves Theorem [3.5](#FPar14){ref-type="sec"} by adding the necessity. Theorems [3.1](#FPar8){ref-type="sec"} and [3.3](#FPar11){ref-type="sec"} are different characterizations for the boundedness of the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I_{\alpha }$\end{document}$ from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{\Phi}({\mathbb{R}^{n}})$\end{document}$ to $\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{\Psi}({\mathbb {R}^{n}})$\end{document}$, including a weak version.

Maximal commutator in Orlicz spaces {#Sec4}
===================================

In this section we investigate the boundedness of the maximal commutator $\documentclass[12pt]{minimal}
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We recall the definition of the space of $\documentclass[12pt]{minimal}
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Definition 4.1 {#FPar16}
--------------
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                \begin{document}$f\in L^{1}_{\mathrm{loc}}({\mathbb{R}^{n}})$\end{document}$, let $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \begin{document}$$ \Vert f \Vert _{\ast}=\sup_{x\in{\mathbb{R}^{n}}, r>0} \frac{1}{ \vert B(x,r) \vert } \int_{B(x,r)} \bigl\vert f(y)-f_{B(x,r)} \bigr\vert \,dy, $$\end{document}$$ where $$\documentclass[12pt]{minimal}
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                \begin{document}$$f_{B(x,r)}=\frac{1}{ \vert B(x,r) \vert } \int_{B(x,r)} f(y)\,dy. $$\end{document}$$ Define $$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{BMO}\bigl({\mathbb{R}^{n}}\bigr)=\bigl\{ f\in L^{1}_{\mathrm{loc}} \bigl({\mathbb{R}^{n}}\bigr) : \Vert f \Vert _{\ast} < \infty\bigr\} . $$\end{document}$$

Modulo constants, the space $\documentclass[12pt]{minimal}
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                \begin{document}$\mathrm{BMO}({\mathbb{R}^{n}})$\end{document}$ is a Banach space with respect to the norm $\documentclass[12pt]{minimal}
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Before proving our theorems, we need the following lemmas and theorem.

Lemma 4.2 {#FPar17}
---------

\[[@CR9]\]

*Let* $\documentclass[12pt]{minimal}
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                \begin{document}$b \in \mathrm{BMO}({\mathbb{R}^{n}})$\end{document}$. *Then there is a constant* $\documentclass[12pt]{minimal}
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Lemma 4.3 {#FPar18}
---------
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Theorem 4.4 {#FPar19}
-----------
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The following theorem is valid.

Theorem 4.5 {#FPar20}
-----------
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-----
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By Theorems [4.4](#FPar19){ref-type="sec"} and [4.5](#FPar20){ref-type="sec"} we have the following result.

Corollary 4.6 {#FPar22}
-------------
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Theorem 4.7 {#FPar23}
-----------
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Proof {#FPar24}
-----
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By Theorems [4.4](#FPar19){ref-type="sec"} and [4.7](#FPar23){ref-type="sec"} we have the following result.

Corollary 4.8 {#FPar25}
-------------
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Commutators of Riesz potential in Orlicz spaces {#Sec5}
===============================================

In this section we find necessary and sufficient conditions for the boundedness of the commutators of Riesz potential on Orlicz spaces with the help of the previous section.

In \[[@CR5]\], Fu *et al.* found the sufficient conditions for the boundedness of the commutator $\documentclass[12pt]{minimal}
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Theorem 5.1 {#FPar26}
-----------
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                \begin{document}$b\in \mathrm{BMO}({\mathbb{R}^{n}})$\end{document}$. *Let* Φ *be a Young function and* Ψ *defined*, *via its inverse*, *by setting*, *for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \usepackage{amsbsy}
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                \begin{document}$\Psi^{-1}(t):=\Phi^{-1}(t)t^{-\alpha /n}$\end{document}$. *If* $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Phi,\Psi\in\Delta _{2}\cap\nabla_{2}$\end{document}$, *then* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[b,I_{\alpha }]$\end{document}$ *is bounded from* $\documentclass[12pt]{minimal}
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                \begin{document}$L^{\Phi }({\mathbb{R}^{n}})$\end{document}$ *to* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{\Psi}({\mathbb{R}^{n}})$\end{document}$.

The following lemma is the analogue of the Hedberg trick for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[b, I_{\alpha }]$\end{document}$.

Lemma 5.2 {#FPar27}
---------

*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\alpha<n$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f, b\in L^{1}_{\mathrm{loc}}({\mathbb{R}^{n}})$\end{document}$, *then for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in{\mathbb{R}^{n}}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r>0$\end{document}$ *we get* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \int_{B(x,r)}\frac{ \vert f(y) \vert }{ \vert x-y \vert ^{n-\alpha }} \bigl\vert b(x)-b(y) \bigr\vert \,dy\lesssim r^{\alpha } M_{b}f(x). $$\end{document}$$

Proof {#FPar28}
-----

We have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \int_{B(x,r)}\frac{ \vert f(y) \vert }{ \vert x-y \vert ^{n-\alpha }} \bigl\vert b(x)-b(y) \bigr\vert \,dy\\ &\quad = \sum_{j=0}^{\infty} \int_{2^{-j-1}r \le \vert x-y \vert < 2^{-j}r} \frac { \vert f(y) \vert }{ \vert x-y \vert ^{n-\alpha }} \bigl\vert b(x)-b(y) \bigr\vert \,dy \\ & \quad\lesssim\sum_{j=0}^{\infty} \bigl(2^{-j}r\bigr)^{\alpha }\bigl(2^{-j}r \bigr)^{-n} \int _{ \vert x-y \vert < 2^{-j}r} \bigl\vert f(y) \bigr\vert \bigl\vert b(x)-b(y) \bigr\vert \,dy \lesssim r^{\alpha } M_{b}f(x). \end{aligned}$$ \end{document}$$ □

Lemma 5.3 {#FPar29}
---------

*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b\in L^{1}_{\mathrm{loc}}({\mathbb{R}^{n}})$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B_{0}:=B(x_{0},r_{0})$\end{document}$, *then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_{0}^{\alpha} \bigl\vert b(x)-b_{B_{0}} \bigr\vert \leq C \vert b,I_{\alpha } \vert \chi_{B_{0}}(x) $$\end{document}$$ *for every* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in B_{0}$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b_{B_{0}}=\frac{1}{ \vert B_{0} \vert } \int_{B_{0}} b(y)\,dy$\end{document}$.

Proof {#FPar30}
-----

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x,y\in B_{0}$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\vert x-y \vert \leq \vert x-x_{0} \vert + \vert y-x_{0} \vert <2r_{0}$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\alpha <n$\end{document}$, we get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r_{0}^{\alpha -n}\leq C \vert x-y \vert ^{\alpha -n}$\end{document}$. Therefore $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \vert b,I_{\alpha } \vert \chi_{B_{0}}(x)&= \int_{B_{0}} \bigl\vert b(x)-b(y) \bigr\vert \vert x-y \vert ^{\alpha -n}\,dy\geq C r_{0}^{\alpha -n} \int_{B_{0}} \bigl\vert b(x)-b(y) \bigr\vert \,dy \\ &\geq C r_{0}^{\alpha -n} \biggl\vert \int_{B_{0}} \bigl(b(x)-b(y)\bigr)\,dy \biggr\vert = C r_{0}^{\alpha } \bigl\vert b(x)-b_{B_{0}} \bigr\vert . \end{aligned}$$ \end{document}$$ □

The following theorem gives necessary and sufficient conditions for the boundedness of the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\vert b,I_{\alpha } \vert $\end{document}$ from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$L^{\Phi}({\mathbb {R}^{n}})$\end{document}$ to $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{\Psi}({\mathbb{R}^{n}})$\end{document}$.

Theorem 5.4 {#FPar31}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \usepackage{amsmath}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\Phi,\Psi\in\mathcal{Y}$\end{document}$. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Phi\in\nabla_{2}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Psi\in\Delta_{2}$\end{document}$, *then the condition* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ r^{\alpha}\Phi^{-1} \bigl(r^{-n} \bigr) + \int_{r}^{\infty} \biggl(1+\ln\frac{t}{r} \biggr) \Phi^{-1} \bigl(t^{-n} \bigr)t^{\alpha} \frac {\,dt}{t} \le C \Psi^{-1} \bigl(r^{-n} \bigr) $$\end{document}$$ *for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r>0$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C>0$\end{document}$ *does not depend on* *r*, *is sufficient for the boundedness of* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[b,I_{\alpha }]$\end{document}$ *from* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{\Phi}({\mathbb{R}^{n}})$\end{document}$ *to* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{\Psi }({\mathbb{R}^{n}})$\end{document}$.*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Psi\in\Delta_{2}$\end{document}$, *then the condition* ([3.6](#Equ10){ref-type=""}) *is necessary for the boundedness of* $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\vert b,I_{\alpha } \vert $\end{document}$ *from* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{\Phi}({\mathbb{R}^{n}})$\end{document}$ *to* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{\Psi}({\mathbb{R}^{n}})$\end{document}$.*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$\Psi\in\Delta_{2}$\end{document}$. *If the condition* $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \int_{r}^{\infty} \biggl(1+\ln\frac{t}{r} \biggr) \Phi^{-1} \bigl(t^{-n} \bigr) t^{\alpha} \frac{dt}{t} \le C r^{\alpha} \Phi^{-1} \bigl(r^{-n} \bigr) $$\end{document}$$ *holds for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r>0$\end{document}$, *where* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C>0$\end{document}$ *does not depend on* *r*, *then the condition* ([3.6](#Equ10){ref-type=""}) *is necessary and sufficient for the boundedness of* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\vert b,I_{\alpha } \vert $\end{document}$ *from* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{\Phi}({\mathbb{R}^{n}})$\end{document}$ *to* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{\Psi}({\mathbb{R}^{n}})$\end{document}$.

Proof {#FPar32}
-----

\(1\) For arbitrary $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document}$x_{0} \in{\mathbb{R}^{n}}$\end{document}$, set $\documentclass[12pt]{minimal}
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                \begin{document}$x_{0}$\end{document}$ and of radius *r*. Write $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{2}=f\chi_{{}^{\complement}{(2B)}}$\end{document}$.

For $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\vert [b,I_{\alpha}]f_{2}(x) \bigr\vert & \lesssim \int_{\mathbb{R}^{n}} \frac { \vert b(y)-b(x) \vert }{ \vert x-y \vert ^{n-\alpha} } \bigl\vert f_{2}(y) \bigr\vert \,dy \thickapprox \int_{{}^{\complement}{(2B)}} \frac { \vert b(y)-b(x) \vert }{ \vert x_{0}-y \vert ^{n-\alpha} } \bigl\vert f(y) \bigr\vert \,dy \\ &\lesssim \int_{{}^{\complement}{(2B)}} \frac { \vert b(y)-b_{B} \vert }{ \vert x_{0}-y \vert ^{n-\alpha} } \bigl\vert f(y) \bigr\vert \,dy + \int_{{}^{\complement}{(2B)}} \frac { \vert b(x)-b_{B} \vert }{ \vert x_{0}-y \vert ^{n-\alpha} } \bigl\vert f(y) \bigr\vert \,dy =J_{1}+J_{2}(x), \end{aligned}$$ \end{document}$$ since $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \begin{document} $$\begin{aligned} J_{1}&= \int_{{}^{\complement}{(2B)}}\frac{ \vert b(y)-b_{B} \vert }{ \vert x_{0}-y \vert ^{n-\alpha }} \bigl\vert f(y) \bigr\vert \,dy \thickapprox \int_{{}^{\complement}{(2B)}} \bigl\vert b(y)-b_{B} \bigr\vert \bigl\vert f(y) \bigr\vert \int_{ \vert x_{0}-y \vert }^{\infty}\frac{dt}{t^{n+1-\alpha }}\,dy \\ &\thickapprox \int_{2r}^{\infty} \int_{2r\leq \vert x_{0}-y \vert \leq t} \bigl\vert b(y)-b_{B} \bigr\vert \bigl\vert f(y) \bigr\vert \,dy\frac{dt}{t^{n+1-\alpha }} \lesssim \int_{2r}^{\infty} \int_{B(x_{0},t)} \bigl\vert b(y)-b_{B} \bigr\vert \bigl\vert f(y) \bigr\vert \,dy\frac{dt}{t^{n+1-\alpha }}. \end{aligned}$$ \end{document}$$

Applying Hölder's inequality, by ([2.1](#Equ1){ref-type=""}), ([4.1](#Equ13){ref-type=""}), ([4.2](#Equ14){ref-type=""}) and Lemma [2.6](#FPar6){ref-type="sec"} we get $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} J_{1} \lesssim{}& \int_{2r}^{\infty} \int_{B(x_{0},t)} \bigl\vert b(y)-b_{B(x_{0},t)} \bigr\vert \bigl\vert f(y) \bigr\vert \,dy\frac{dt}{t^{n+1-\alpha }} \\ &{} + \int_{2r}^{\infty} \vert b_{B(x_{0},r)}-b_{B(x_{0},t)} \vert \int_{B(x_{0},t)} \bigl\vert f(y) \bigr\vert \,dy\frac{dt}{t^{n+1-\alpha }} \\ \lesssim{}& \int_{2r}^{\infty} \bigl\Vert b(\cdot)-b_{B(x_{0},t)} \bigr\Vert _{L^{\widetilde{\Phi }}(B(x_{0},t))} \Vert f \Vert _{L_{\Phi}(B(x_{0},t))} \frac{dt}{t^{n+1-\alpha }} \\ &{} + \int_{2r}^{\infty} \vert b_{B(x_{0},r)}-b_{B(x_{0},t)} \vert \Vert f \Vert _{L_{\Phi}(B(x_{0},t))}\Phi^{-1} \bigl( \bigl\vert B(x_{0},t) \bigr\vert ^{-1} \bigr)\frac {dt}{t^{1-\alpha }} \\ \lesssim {}&\Vert b \Vert _{*} \int_{2r}^{\infty} \biggl(1+\ln\frac{t}{r} \biggr) \Vert f \Vert _{L_{\Phi}(B(x_{0},t))}\Phi^{-1} \bigl( \bigl\vert B(x_{0},t) \bigr\vert ^{-1} \bigr)\frac {dt}{t^{1-\alpha }} \\ \lesssim {}&\Vert b \Vert _{*} \Vert f \Vert _{L^{\Phi}} \int_{2r}^{\infty} \biggl(1+\ln \frac{t}{r} \biggr) \Phi^{-1} \bigl(t^{-n} \bigr)t^{\alpha} \frac{dt}{t}. \end{aligned}$$ \end{document}$$

A geometric observation shows $\documentclass[12pt]{minimal}
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\(2\) We shall now prove the second part. Let $\documentclass[12pt]{minimal}
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\(3\) The third statement of the theorem follows from the first and second parts of the theorem. □

Remark 5.5 {#FPar33}
----------
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The following theorem is valid.

Theorem 5.6 {#FPar34}
-----------
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Proof {#FPar35}
-----

\(1\) The first statement of the theorem follows from the first part of Theorem [5.4](#FPar31){ref-type="sec"}.

\(2\) We shall now prove the second part. Choose any ball $\documentclass[12pt]{minimal}
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\(3\) The third statement of the theorem follows from the first and second parts of the theorem. □

Characterization of Lipschitz spaces via commutators {#Sec6}
====================================================
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Definition 6.1 {#FPar36}
--------------
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To prove the theorems, we need auxiliary results. The first one is the following characterization of Lipschitz space, which is due to DeVore and Sharply \[[@CR14]\].
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-----
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The following theorem is valid.
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-----
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\(3\) The third statement of the theorem follows from the first and second parts of the theorem. □

The following theorem is valid.

Theorem 6.5 {#FPar42}
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-----

\(1\) The first statement of the theorem follows from Theorem [3.3](#FPar11){ref-type="sec"} and Lemma [6.3](#FPar38){ref-type="sec"}.
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\(3\) The third statement of the theorem follows from the first and second parts of the theorem. □

Conclusions {#Sec7}
===========

We have obtained necessary and sufficient conditions for the boundedness of the Riesz potential and its commutators on Orlicz spaces. We have also compared our results with the existing results. Lastly, we conclude this paper by remarking that some new characterizations of the Lipschitz spaces have been given as an application of the above-mentioned results.
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